One contribution of 14 to a theme issue 'Optical orbital angular momentum' .
Introduction
Prior to 1992, it was known that light could carry orbital angular momentum (OAM), but the production of such photons (e.g. through quadrupole transitions) made their generation in the laboratory a rare and difficult task. Following the seminal work of Allen et al. [1] , OAM was understood to be associated with well-known laser modes that have helical wavefronts, for example, the Laguerre-Gaussian modes with nonzero azimuthal index [2] . Very quickly a range of tools were developed for their creation and detection external to the source (see e.g. [3] [4] [5] [6] [7] [8] [9] ), but creating them internal to the source was problematic. For example, mode discrimination inside laser cavities based on phase conjugation approaches simply do not work, because all Laguerre-Gaussian modes, regardless of their mode index, have the same radius of curvature at the cavity end mirrors. As a result, the mode-selecting phase mirror cannot distinguish them from the Gaussian 2017 The Author(s) Published by the Royal Society. All rights reserved.
Defining OAM cavity modes
Following the example of Allen et al. in their original work on OAM [1] , we will consider an OAM-carrying Laguerre-Gaussian mode of radial order p and azimuthal order at its waist plane (z = 0), described [13] by
LG p (r) = where r = (r, φ) are the transverse coordinates, L | | p is the generalized Laguerre polynomial and w 0 is a scalar parameter corresponding to the Gaussian (fundamental mode) radius. This is not an arbitrary example: such a field is the oscillating mode of a laser cavity with cylindrical symmetry and spherical curvature mirrors, i.e. a standard cavity as may be found in many commercial lasers. Consider for example a plano-concave cavity with mirror curvatures R 1 = ∞ and R 2 = R separated by a length L; then the scale parameter in equation (2.1) may be found from
with a corresponding second moment beam size of w p = w 0 √ M 2 ,where the beam quality factor, M 2 , is given by M 2 = 2p + | | + 1. Such modes are shape invariant during propagation and reduce to a Gaussian beam when p = = 0.
In the special case when = 0, we have the radial-only modes. Such modes add incoherently in a laser resonator as the mode frequency is not degenerate in p, and thus it is possible to produce single radial modes (rather than superpositions) because differing p modes have different radial profiles which can easily be differentiated [14] . Now consider the special case when p = 0, so that we only have azimuthal modes. Such a field forms a donut-shaped intensity profile of ring radius w ring = w 0 √ | |/2 with a second moment radius given by w = w 0 √ | | + 1. For convenience, we may separate the radial and azimuthal dependence to express the azimuthal modes as u (r, φ) = LG (r) exp(i φ). In this form, the radial function generates the donut-shaped intensity pattern while the azimuthal term ensures the helical phase and the OAM per photon. This function may be separated into so-called even and odd terms so that u even (r, φ) = LG (r) cos ( φ) and
where it is clear that a coherent superposition of these modes with a π/2 modal phase shift (exp(iπ/2) = i) will produce the desired azimuthal mode, because cos( φ)
It is also possible to incoherently mix these modes. In such a case, the modal phase is lost and the intensity distribution will appear as donut-shaped because cos 2 and even terms, respectively,
and
The odd and even terms are the well-known petal patterns often observed from laser resonators [12] (figure 1), and by reciprocity may in turn be expressed in terms of the azimuthal modes
We now note the following: (i) the intensity pattern of both u (the pure azimuthal LG mode) and u donut (the donut-shaped mode) will look identical; (ii) the radius w (or w ring ) of this ring will also be identical in both cases; and (iii) the beam quality factor and hence the propagation characteristics will also be identical. In the case of the latter, this is because for a pure LG mode the beam quality factor is given by M 2 = | | + 1, while for an incoherent superposition it is given by 8) where N is the number of modes (for positive and negative indices) in the incoherent superposition and c is the power weighting of the modes in the sum, with c = 1. For the incoherent sum of equation (2.5), it can easily be shown that, because the weightings are equal (0.5 for each mode in the incoherent sum), the incoherent mix has the same beam quality factor. Thus, we arrive at the conclusion that conventional (intensity-based) tests cannot distinguish between the coherent and incoherent mixing of such modes, equations (2.4) and (2.5), and hence cannot be used to identify a pure azimuthal mode from the Laguerre-Gaussian basis. On the other hand, modal decomposition is a quantitative, mode-specific measure of inferring information on unknown optical fields by decomposing the field into an orthonormal basis set representing a particular mode set (e.g. the Laguerre-Gaussian modes) [15] [16] [17] [18] . The scenarios of equations (2.4) and (2.5) will yield very different results from an azimuthal modal decomposition [19] : the pure mode will have one peak whereas the donut mode will have two [20] .
This raises the question as to whether slight cavity differences could also result in discrimination of one mode over another. In order to understand the process occurring in the cavity during the modal build-up, we have to take into account the area of the gain medium that is pumped. It is not unreasonable to surmise that small perturbations prohibit perfect symmetry (e.g. cavity alignment, pump shape, gain doping, etc.), thus preferring one mode, odd/even, over another. The lowest loss mode will lase first (say the even mode). If the gain is sufficiently high, then we note that the normalized overlap of the intensities between the even and odd modes,
is very small and independent of , given by η = 4/9π , or approximately 15%. This suggests that the residual gain in the undepleted region of the gain medium is available to the next lowest loss mode (say the odd mode). As they lase with very little spatial overlap (≈ 15%), we can understand the mechanism that leads to the incoherent sum: the odd and even petal-like modes are lasing almost independently of one another. Thus, despite the degeneracy in longitudinal mode frequency and Gouy phase shift (opposite signed modes have the same frequencies and phase shifts) of the pure azimuthal modes, it is possible, and perhaps even likely, that incoherent superpositions may lase [21] unless very careful attention is paid to the mode-selecting mechanism as well as the gain matching conditions [22] .
OAM mode generation (a) Scalar modes
The first demonstration of an OAM-carrying beam as a laser output was from a CO 2 gas laser. Using a cavity with pairs of cylindrical lenses together with a spiral phase plate, the helicity of the OAM mode could be defined [23] ; the result was confirmed by passing the beam through a spiral phase plate of opposite charge to the beam under study, thereby projecting into a Gaussian mode: a match filter approach to mode identification exploiting the reciprocity of light. Subsequent to this, many different approaches were demonstrated using amplitude-only and phase-only optical elements, by exploiting symmetry conditions in the cavity, and by composite optical techniques. Early work by Chen et al. outlined some of the considerations to achieve OAM mode control in lasers [24] . However, many of these approaches were unable to produce controlled helicity and instead the cavity produced one of the odd/even modes as the fundamental. Such superpositions of OAM modes have been observed in cavities with spot-defect mirrors [25, 26] (figure 2), alignment-insensitive Porro prism resonators [27] (figure 3), and in a cavity where a single highly aberrated lens was used to control the mode [28] . In some cases, somewhat randomly, such amplitude approaches have been able to select a vortex mode but without control over the handedness. This was recently shown in a helium-neon laser with a spot-defect mirror [29] . A novel amplitude-based approach that does allow control over the handedness was introduced by Lin et al. [30] . In this approach, two nanoscale-thickness aluminium strips were inserted into a conventional diode-pumped solid-state laser, strategically placed to introduce higher loss for one helicity when compared with the other by virtue of the fact that the standing wave pattern is a lobe structure that rotates in opposite directions for the two helicities (figure 4). By this method, it was shown that helicities of = ±1 could be selected. An alternative approach to selecting the desired mode is by shaping the pump light to be annular [31] . This forces the laser to oscillate in an annular profile by gain shaping [22] rather than loss shaping-the complement of the spot-defect approach. A similar mechanism has been employed in a double resonator configuration where the gain is controlled to select the desired mode [32] .
In 2007, Okida et al. [33] made use of an asymmetric 'bounce oscillator' to force lasing on multiple Hermite-Gaussian modes in a Nd:YVO 4 gain medium with cylindrical lenses so that the superposition formed a helical OAM mode. In this cavity no special optical elements were required, with the mode selection based partly on thermal lensing effects in the gain medium, thus requiring judicious adjustment of the cavity. Later, the same concept was extended to a Nd:GdVO 4 medium to produce LG modes at a relatively high average power of about 18 W [34] . Recently, such asymmetric cavities have been employed to produce Hermite-Gaussian modes which were then externally converted into azimuthal Laguerre-Gaussian modes, thus overcoming the degeneracy issues [35] . The creation of vortex beams has now been extended from free-running, continuous wave lasers to pulsed lasers, with Q-switched [36, 37] and mode locked [38] lasers already demonstrated, as well as to single-frequency lasers [39] . In the case of the latter, a simple method to control the helicity of the light was introduced in the form of a tilted etalon, appropriately aligned to introduce high loss for one handedness and low loss for the other by noting that the skew angle differs for the two due to the twist on the wavefront ( figure 5) . By adjusting the tilt on this intra-cavity piece of glass, the helicity of the output could be controlled. An exciting development has been the demonstration of wavelength conversion of OAM laser modes, thus enabling the wavelength tuning from single sources for a variety of applications where laser wavelengths do not exist. For example, Lee et al. demonstrated intra-cavity frequency doubling of a Raman laser to produce light at 586 nm, with the topological charge of the yellow beam being twice that of the Stokes beam [40] . Tunable output has been demonstrated across 6-12 µm in the far-infrared band [41] and in the mid-infrared at 2 µm [42] by frequency conversion of a 1 µm laser using an optical parametric oscillator configuration, and by second harmonic generation of a picosecond optical vortex output from a stressed Yb-doped fibre amplifier [43] . This remains a topical area of research. Given the advances in gas and solid-state lasers, it is not too surprising that major advances have also been made in fibre lasers. Following prior art on mode conversion external to the cavity with fibres [44] , it has been shown that up to 36 W of average power can be extracted in the desired LP 11 (linearly polarized) modes with a mode purity of 98% using polarization as a mode controller in a few-mode fibre.
One recent advance that eliminates the need for custom designed and fabricated optics is the so-called digital laser [45, 46] . A typical configuration is shown in figure 6 , comprising a Nd:YAG gain medium in a Fabry-Perot resonator. The novelty in the experimental set-up was the use of a spatial light modulator (SLM) as a back reflector, thus forming a rewritable mirror. The SLM allowed for a user-defined aperture (amplitude) and curvature (phase) to be encoded using complex amplitude modulation on the SLM [9] . The curvature allowed control of the mode size through equation (2.2) while custom apertures could be encoded to select either radial modes, azimuthal modes or some combination. Some examples of the modes created by this approach are shown in the panels CCD and SLM of figure 6.
(b) OAM or not?
Not all donut modes from laser cavities carry OAM, even if the intensity pattern and beam quality factor match those expected of an OAM mode [47] . As discussed in the theory section, it is possible to lase on an incoherent sum of odd and even modes such that the intensity pattern is donut but without the azimuthal phase associated with OAM-carrying beams; these concepts can be extended to spatially independent lasing with time-averaged measurement in order to explain the observed patterns from lasers [48] . Recently, this concept was demonstrated experimentally by Litvin et al. [20] (figure 7.) The donut beam from the laser was directed through a plate consisting of two pinholes on the same radius but with an angular separation, θ. The initial value of θ was chosen such one pinhole overlapped with an even mode, and the other an odd mode; the measured visibility was low. As θ was increased to sample the same mode (different regions of only the even or only the odd mode), so the visibility increased. The period of the oscillation in the visibility was consistent with the expected peak separations with odd and even mode mixing. These results conclusively showed that, while the observed field appears to be a Laguerre-Gaussian azimuthal mode, it was in fact not; rather, its field was that described by equation (2.5) . This raises questions about some statements in the literature claiming OAM generation from lasers based only on intensity measurements but without confirmation of the azimuthal phase (see for example [47, [49] [50] [51] ).
(c) Generalized Poincaré sphere beams
The previous sections have described scalar OAM modes, yet it is known that OAM vector and scalar modes may be described on the same abstract sphere, the high-order Poincaré sphere [52] for the total angular momentum of light, analogous to the Poincaré sphere for polarization and the Bloch sphere for OAM [53] . In this abstract space, the poles represent scalar OAM modes of opposite helicity, the equator describes the cylindrical vector beams [54] and any arbitrary position on the sphere describes some superposition with a degree of 'vectorness' that varies from purely scalar to purely vector [55] . Recently, a laser has been developed to generate all such modes on demand by adjusting just two intra-cavity optics and requiring no realignment [56, 57] . Using geometric phase for mode selection, it was shown that pure OAM modes of controlled helicity could be created, as well as any vector vortex mode, all from the same laser. This advance brings together the aforementioned systems into a single device, an important step towards compact, integrated solutions. Experimental results for various positions on this sphere are shown in figure 8 . This work also highlights the advantage of intra-cavity mode generation: the mode purity at = 10 exceeded 98%, whereas external generation of such a mode by the same mechanism (geometric phase) resulted in less than 1% of the power delivered into the desired mode, with the rest spread across higher radial orders. Lasers are natural filters of noise, thus ensuring good energy extract and mode purity simultaneously.
Integrated solutions
It is inevitable that, as bulk cavities for OAM production matured, the drive towards integrated and compact solutions intensified. lasers [50, [58] [59] [60] [61] [62] [63] [64] (see figure 9) , where both scalar and vector superpositions of OAM have been reported (predominantly of a vector nature from waveguide solutions), and more recently VECSEL lasers [65, 66] .
A major advance towards integrated OAM solutions was the demonstration of miniature (micrometre-scale) optical vortex emitters on a silicon waveguide device, able to produce high OAM into free-space beams with well-controlled amounts of OAM [67] . The team exploited the fact that whispering gallery modes (WGMs) can carry high OAM, which they then extracted into free-space emission by fabricating embedded angular grating structures into the WGM resonator with a periodic modulation of refractive index in the azimuthal direction. An artist's impression of this is shown in figure 10 . Since this seminal work, several integrated sources have been proposed and demonstrated [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] . Despite these many advances, there remain many exciting prospects for the future. Organic lasers are an emerging research field, with the first vector vortex mode from such a laser reported [78] . In this work, an organic semiconductor gain medium was used to form a microdisc laser architecture that produced cylindrical vector beams (azimuthally polarized) with high OAM quanta per photon ( > 400). Interestingly, the emission wavelength could be tuned over a 40 nm band by varying the organic microdisc thickness. Indeed, the use of structured materials in conjunction with structured light is still in its infancy [79] , and one might expect more exotic solutions to come in the near future.
Conclusion
Since the seminal work 25 years ago by Allen et al. [1] , there have been tremendous advances in the creation and detection of OAM modes. After a lag of some years, creation at the source has steadily gained the interest of the laser community, and today it is possible to do so by a variety of approaches: amplitude control, phase control and gain control. The state of the art includes OAM and wavelength selectivity, pulsed and continuous wave solutions, integrated on-chip sources, micro-chip lasers, composite scalar and vector OAM generation based on geometric phase, and generic approaches using intra-cavity spatial light modulators as dynamic, rewritable mirrors. Yet the field remains topical and the solutions to date are still research projects that are not yet in the commercial arena. One can imagine that, as OAM finds more commercial applications, so the demand for turnkey sources will increase, spawning a new era in laser development.
